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ANALYTIC SHEAVES OF LOCAL COHOMOLOGY
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In this paper we are interested in the following problem: Suppose V is an analytic
subvariety of a (not necessarily reduced) complex analytic space X, % is a coherent
analytic sheaf on X—V, and 6: X—V — X is the inclusion map. When is 6,(%)
coherent (where 0,(%) is the gth direct image of & under 6)?

The case g=0 is very closely related to the problem of extending & to a coherent
analytic sheaf on X. This problem of extension has already been dealt with in
Frisch-Guenot [1], Serre [9], Siu [11]-[14], Thimm [17], and Trautmann [18]-[20].
So, in our investigation we assume that & admits a coherent analytic extension on
all of X.

In reponse to a question of Serre 19, p. 366], Tratumann has obtained the
following in [21]:

THEOREM T. Suppose V is an analytic subvariety of a complex analytic space X,
q is a nonnegative integer, and F is a coherent analytic sheaf on X. Let 0: X—V — X
be the inclusion map. Then a sufficient condition for 0y(F|X—V),..., 0(F|X-V)
to be coherent is: for x € V there exists an open neighborhood U of x in X such that
codh (F|U—-V)2dim, V+q+2.

Trautmann’s sufficiency condition is in general not necessary, as is shown by the
following example. Let X=C3, V={z,=2,=0}, ¢=0, and # =the analytic ideal-
sheaf of {z,=z3=0}. 0,(¥|X— V)= is coherent on X. However, codh & =2 at
(a,0,0) for all a. Hence there exists no neighborhood U of (0, 0, 0) such that
codh (F|U-V)23.

In this paper we derive a necessary and sufficient condition for the coherence of
0(F|X=V),...,0(F|X-V). This necessary and sufficient condition is then
applied to give an affirmative answer to a question raised by Serre [9, pp. 373-374].

To state the main results, we introduce the following notations: If &% is a co-
herent analytic sheaf on a complex analytic space X, then S,(%) denotes the
analytic subvariety {x € X | codh &, <k}, [6, Satz 5, p. 81]. If D is an open subset
of X, then S,(%|D) denotes the topological closure of S,(#|D) in X. If ¥ is an
analytic subvariety of X, then #/(#) denotes the sheaf defined by the presheaf
U H¥(U, #), where, H§(U, ) is the k-dimensional cohomology group of U
with coefficients in # and supports in V. If X, &, and V are complex algebraic
instead of analytic, we use the same notations and %" denotes the coherent
analytic sheaf canonically associated with &.
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The main results are the following two theorems:

THEOREM A. Suppose V is an analytic subvariety of a complex analytic space
(X, ), q is a nonnegative integer, and & is a coherent analytic sheaf on X. Let
0: X—V — X be the inclusion map. Then the following three statements are equiv-
alent:

() 0(F|X=V),..., 0(F|X-V) (or equivalently H)(F), ..., #F*(F)) are
coherent on X.

(i) For every xe V, 0o(F| X~V )y, ..., 0(F|X—V), (or equivalently H#(F).,
.oy HFFUF),) are finitely generated over H,.

(i) dim ¥V N\ 84 04 1(F|X—V) <k for every k=0.

THEOREM B. Suppose V is an algebraic subvariety of a complex algebraic space X,
q is a nonnegative integer, and & is a coherent algebraic sheaf on X. Then 5)(F),
o, HFTUF) are coherent algebraic sheaves on X if and only if HP(FM),.. .,
HF Y F™) are coherent analytic sheaves on X. If so, the canonical homomorphisms
HE(F Y — HF(F™) are isomorphisms for 0Sk<q+1.

These results are announced without proofs in [15].

Complex analytic spaces, in this paper, are in the sense of Grauert (i.e., not
necessarily reduced). A holomorphic function f on a complex analytic space
(X, o) means an element of I'(X, 5#). We say that f vanishes at a point x of X if
fx is not a unit in 5%,

If n is a nonnegative integer and % is a coherent analytic sheaf on a complex
analytic space X, then O,s denotes the subsheaf of # defined as follows: for
x € X, (Om#)~={s € %, | for some open neighborhood U of x in X, s is induced
by some t € (U, &) satisfying dim Supp ¢ <n}. O,,,# is coherent and dim Supp O,#
<n (see [10] and [16]). If ¥V is an analytic subvariety of X and & is a coherent
analytic subsheaf of &, then ¢[V]# denotes the subsheaf of & defined as follows:
(9[V1#),={s € % | for some open neighborhood U of x in X, s is induced by
some teI(U, &) such that t,€ ¥, for ye U-V}. ¥[V]# is coherent and
Supp (9[V]s/%) <V (see [10] and [16]).

If ¢ is an analytic subsheaf of an analytic sheaf % on a complex analytic space
(X, &) and S is an analytic ideal sheaf on X, then (¢:f)s denotes the largest
analytic subsheaf & of # such that FF <.

The same notations are also used for the complex algebraic case. When a space
has both analytic and algebraic structures, the symbols @ and 5 denote respec-
tively the algebraic and analytic structure-sheaves.

All rings are commutative and have identity. Subrings share the same identity
elements as the rings they are imbedded in. All modules are unitary. If R is a ring
and N M are R-modules and I is an ideal in R, then (N:I), is the largest R-
submodule S of M such that ISC N. If I=Rf for some f€ R, then (N:I) is also
denoted by (N :f)y-
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LEMMA 1. Suppose G is an open subset of C" and V, Y, Z are analytic subvarieties
of G. Let 0: G— Y — G be the inclusion map. Suppose F and ¥ are coherent
analytic sheaves on G such that O[Y1g=0[Y]s=0. Suppose ¢: F — Y is a sheaf-
homomorphism on G such that ¢ is an isomorphism on G—(V U Z). Suppose p, q are
nonnegative integers, f is a holomorphic function on G vanishing identically on V,
and Q is a relatively compact open subset of G such that f?¢,(%9)=0 on Q—Z for
12k<q and fPao(9)<=9 on Q—Z. Then there exists p' 20 such that f* ¢ (F)=0
on Q—Z for 12k<qand f"oo(F)<F on Q—Z.

Before we prove Lemma 1, we have to clarify one point in its statement. There
are canonical maps &: F — oo(#) and 7: N ao(9). It is obvious that Ker ¢
=0[Y]s and Ker 7=0[Y]s. Since O[Y]s=0[Y]s=0, we can identify & and
@ as subsheaves of oo(F) and o4(¥) through ¢ and 5 respectively. fPoo(9)<¥
means that, as subsheaves of ,(%), fP0,(%) is contained in 4. f*oo(F)<F has a
similar meaning. Similar situations arise frequently in this paper and they should
be interpreted similarly.

Proof of Lemma 1. Let " =Ker ¢, Z=1Im ¢, and £ =Coker ¢. Supp X’ <V U Z
and Supp < VUZ.Let £ =0[V]x and # =0[V]e. SuppF<Vand Supp F<V.
Since Q is relatively compact in G and f vanishes identically on V, there exists
r20 such that f#f=f"#=0o0n Q. Since F=X4 onG—Z and £F=% on G—2Z,
A =fF=00n Q—Z.

Since 0 > Z — ¥ - &£ — 0 is exact, o,_,(&) = op(#) — 0 (9) is exact for
1=k=q. Since f'£=0 on Q—Z, f7o,_,(¥)=0 on Q—Z. Since f?0,(%)=0 on
Q—Zfor1sk=q, f**"0(#)=00n Q—Z for 1<k=q.

Since f'£=0 on Q—Z and fPoo(9)=¥% on Q—Z, from the exact sequence
0~ Z — 9 — £ we conclude readily that f?*"o(#)<% on Q—Z.

Since 0 > —F - Z —0 is exact, o (X) —> 0 (F)—> 0 (%) is exact for
1=k<gq. Since f''=0 on Q—2Z, f'o,(HX)=0 on Q—Z. Since f**'¢,(#)=0 on
O—-Zfor 12k=q, fP*% 0, (#)=00n Q—Z for 1 2k =q.

Since foo(X)=00n Q—Z and f**"oo(Z)<=Z# on Q —Z, from the exact sequence
A — F — # — 0 we conclude readily that f?*%¢(F)=F on Q—Z.

Hence p’=p+2r satisfies the requirement. Q.E.D.

LEMMA 2. Suppose G is an open subset of C" and Y, V, Z are analytic subvarieties
of G such that dim (Y—Z)=r<n—2and Y<V. Let : G— Y — G be the inclusion
map. Suppose F is a coherent analytic sheaf on G such that O[Y]s=0 and & is
locally free on G—(V LU Z). If f is a holomorphic function on G vanishing identically
on V and Q is a relatively compact open subset of G, then there exists s 20 such that

[0 (F)=00n Q—Z for | sk=n—r-2 and foo(F)<F on Q—2Z.

Proof. By replacing Y by (Y—Z)~, we can assume w.l.o.g. that dim Y=r.
Let #* =Homy (Homy (¥, ), #), where 5 =the analytic structure-sheaf of
C". Since Q is relatively compact in G, the problem is local in nature. We can
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assume w.l.o.g. that we have the following exact sequence on G:
HPn-r-1—> HPn-r-3 —>...—> H"1 — HPo - Homy (¥, #) - 0.

By applying the functor Homy (-, 5¢), we obtain

0 F* P LN i
1
Rl WV doi e NV S

Since & is locally free on G—(V U Z), Homy (£, ) is locally free on G—
(VU Z). (1) is therefore exact on G—(V U Z).

Let 4,=Kergp, and £,=Img,_;. Since r<n—2, o,(#)=s£. Hence, for
v20, 0o(%,)=9,[Y]x» and oo(Z,1)=L,+1[Y]wr+1. Since ¢, is defined by a
matrix of holomorphic functions, ,[ Y ]x»=¥,. Therefore

) oo(¥9,) = 9, forvz 0.

Since Supp (&, 1 [Y]wrv+1/Z, 1)< Y, there exists a nonnegative integer «, such
that

3) f9o(Zyi1) © Lyi1 on Q.
For 0Lv<n—r—2 consider:

for some nonnegative s,, f>0,(%,) = 0
on Q—Zfor 1fksn—r—2—v.

4),

We are going to prove (4), by descending induction on v. (4),-,_5 is a vacuous
statement and hence is true.

For the general case, suppose 0<v<n—r—2 and (4),., is true. Since (1) is
exactonG— (VU Z),Z,.,agreeswith 4, ., onG— (V' U Z). By (2) and Lemma 1,
there exists a nonnegative integer ¢, such that f%o,(%,.,)=0 on Q—Z for
1fksn—r-2—-(+1).

09, >H#"»—>%,,,—~0 is exact. For 1<k=n—-r—2—v, o0,_1(Z,+1)
— 0(%,) = 0, (s#7)=01is exact (Korollar zu Satz 3, p. 351, [5]). Hence f*0,(%,)=0
on Q—Zforl<k=n—r—2—v.oo(#™)—>0o(Fy+1)—>01(9,) >0, (#7)=0is exact
(Korollar zu Satz 3, p. 351, [5]). Since oo(5£7) =57, Im (oo(H?) = 0o(ZLy+1)
=%,.1. By 3), f%0,(%,)=0 on Q. Hence (4), is satisfied with s, =max («,, ,).
The induction process is complete.

Since (1) is exact on G—(V U Z), F* agrees with 4, on G—(V U Z). By (2),
(4)o, and Lemma 1, for some nonnegative integer s’, f¥oo(#*)<=%* on Q—Z and

Yo (F*)=00n Q—Z for 1Sk<n—r-2.

Since & is locally free on G— (¥ U Z), the natural map & — F* is isomorphic
on G—(V'UZ). By Lemma 1, there exists a nonnegative integer s such that
fioo(F)=F on Q—Z and f*0,(F)=00n Q—Z for 1sk<n—r—2. Q.E.D.
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PROPOSITION 1. Suppose G is an open subset of C* and Y, V, Z are analytic sub-
varieties of G such that Y V. Let o: G— Y — G be the inclusion map. Suppose [
is a nonnegative integer and F is a coherent analytic sheaf on G such that O[Y =0
and codh F 2dim (Y—-Z)+14+2 on G—(V U Z). If f is a holomorphic function
on G vanishing identically on V and Q is a relatively compact open subset of G, then
there exists a nonnegative integer s such that f*o,(#)=0o0n Q—Z for 1 k<! and
[ioo(F)=F on Q—-Z.

Proof. We can assume w.l.o.g. that # 0. Let r=dim (Y—Z). ThenISn—r-2.
We are going to prove the proposition by descending induction on /.

When /=n—r—-2, % is locally free on G—(V U Z) and the proposition follows
from Lemma 2.

For the general case, suppose /<n—r—2. Since Q is relatively compact, the
problem is local in nature. We can assume w.l.o.g. that we have an exact sequence
0>%—>H"—>F —0 on G, where 5 is the analytic structure-sheaf of C™.
codh9z2r+il+3=r+(+1)+20on G—-(V U Z).

By induction hypothesis, for some nonnegative integer s, f°0,(¥)=0 on Q—Z
for 12k=l+1 and foo(9)=¥ on Q—Z. For 12k=!, 0=0,(#7) — o (F)
— 04+1(%) is exact. Hence ff0,(F)=0 on Q—Z for 1Sk=I HP=o0,(H?)—
oo(F) — 01(9) is exact. foo(F)=F on Q—Z. Q.E.D.

PROPOSITION 2. Suppose V is an analytic subvariety of a complex analytic space
X and & is a coherent analytic sheaf on X such that O[V]s=0. Let : X—V — X
be the inclusion map. Suppose q is a nonnegative integer and f is a holomorphic
Sfunction on X such that f0(F)=F and fO(F)=0 for 1=5k<q. Then
S HY(X -V, F)<Im(HYX, F)—> H(X-V, F)).

Proof. Since f0,(F)<F, the case q=0 is trivial. Hence we assume w.l.o.g.
thatg=1.

Let

0—>.”/"—>5’})ﬂ>5’1—?}—>.%—?2> o

be a flabby sheaf resolution on % on X. Applying the functor 6,(-), we obtain
3 2 23
00— F* > FSFfF—FF*F—>FHF—> ...

This new sequence is in general not exact. Let J/;=Ker ¢¥ for v20 and %,=
Im ¢¥_; for v 1. Then F*x Ker ¢f and 0,(F)x KH;/#, for v2 1.

Let ¥,=Ker ¢,. The natural sheaf-homomorphism &, — %* induces natural
sheaf-homomorphisms ¥, — %, (v20) and 4, - Z, (v21).

The following commutative diagram with exact rows

0— 9%, — % —9,,.,—>0

N

0— A, — F*¥— A1 —>0
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gives rise to the following commutative diagram with exact rows
HVY X, &) —> H " Y(X, 9,.) — HT'(X, 9,) — H (X, &)

l l | |

H& v - (X, ¥ —> H""Y(X, R, 1) —> HUV(X, A)) — HOV(X, K¥).
Since &, and * are both flabby, H*~ ¥~ (X, %)=H*"(X, £)=H*""" (X, £*)
=H*""(X, $¥)=0 for 0=v<q—1. Hence '

Ha—v-l(X, gv+1) X Hq—v(X, gv)

L

Hq_v_l(X’ '%v-i-l) X Hq—v(X’ '9{;')

is a commutative diagram for 0<v<g—1.
We are going to prove (6), for 0=<v<g—1 by induction on v:

(©6), LHH(X, H) < Im (H(X, 9,) > HY(X, X))

The exact sequence 0 > F — F* — F*|F — 0 gives rise to the exact sequence
HYX, F)— HY(X, F*) > HY(X, F*|F).Since f(F*|F)=0,fH(X, F*/F)=0.
FHYX, F*¥)<Im (H(X, F)— HY(X, F*)). (6); follows from ¥,x&F and
Ao F*.

For the general case, assume 0<v<g—1 and that (6),_, is true. By (5) and
(6)v -1

(M S HE(X, R,) < Im (HY(X, 9,) > H* (X, &)
The followimg commutative diagram with exact rows
g, = 9,

|

0—Z,—> A, —> 0(F)—>0
gives rise to the following commutative diagram with exact rows

H™(X,9) = H"(X, 9,)

o

H*(X, R,) —> HV(X, H)) —> H (X, 0,(F)).

Since f8,(#)=0, fH*~"(X, 8,(#))=0. Hence (6), follows from (7) and (8). The
induction process is completed.

The exact sequence 0— %Z,—> X, — 0,(F)—0 yields the exact sequence
0 — I(X, &,) - I'(X, o) - I'(X, 8,(F)). We identify I'(X, %,) as a subset of
T'(X, o). Since f0,(#)=0, fT(X, 0,(%)) = 0.

® IT(X, A = T(X, %))
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The following commutative diagram with exact rows

0—%_ ,—>%H1—>9,—0

Lol

0O— Ay, — S 11— %, —>0
yields the following commutative diagram with exact rows

I(X, %,.,) —> (X, 9) —> HYX, %,_,) — HYX, %,_;) =0

Lol l

X, $* ) — I'(X, #,) — HY(X, X,_,) — HYX, S, = 0.
Since Im (I'(X, %,_,) = I'(X, %)) = Im (T(X, ¥,_,) - I'(X, %)) and
Im (DX, #£,) — T(X, £,)) = Im (T'(X, £K%,) - [(X, S¥)),
the following diagram is commutative:

D(X, 9)/Im(T(X, #,_1) —> [(X, #)) ® Hy(X, ¥,-1)

l l

(10) D(X, Z)/Im (T'(X, £2 ) — T(X, %) & HY(X, H,_1)

1

I(X, o)/Im (D(X, S5 1) —> T(X, £¥).
On the other hand, we have
an HYX, F) = I'(X, 4))[Im T'(X, %,-1) = I'(X, £));
HY(X-V, #) = T(X, %)/Im (D(X, S~ 1) - (X, 7¥)),
because
HY(X, #) = Ker (I'(X, ) > (X, %.1))/Im (I'(X, -1) > (X, £))
= T(X, 9)/Im (I'(X, %) > T'(X, 5))
and
HYX-V,%)
R Ker (N(X—-V, ) > DX =V, £..1))Im (D(X-V, $-1) > TI(X-V, &)
= Ker (I'(X, %) = I'(X, £33 1))/ Im (T(X, $£1) - D(X, S¥)
= I'(X, X)/Im (I'(X, LX) = [(X, ).
The proposition follows from (6),-,, (9), (10), and (11). Q.E.D.
PROPOSITION 3. Suppose q is a nonnegative integer, G is an open sub'set of C*,

and Q is a relatively compact open subset of G. Suppose V, Z are analytic subvarieties
of G andf'is a holomorphic function on G vanishing identicallyon V. Let : G—V — G
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be the inclusion map. Suppose & is a coherent analytic sheaf on G such that
(i) O[V1#=0 and (ii) dim A, N V<k for k20, where A,=S; .+ (F|G-V)-Z.
Then there exists a nonnegative integer s such that 6, (#)=0o0n Q—Z for 1 <k=q
and f0(F)=F on Q—Z.

Proof. Let r be the largest integer such that codh F>r+g+1o0on G- (VU Z).
We prove by descending induction on r. When rzn—q—1, #=00on G—(V U Z)
and the proposition is trivial.

For the general case, assume r<n—qg—1. Let W=4,,, U Z. Then codh & >
r+1+g+1on G—(V U W). By induction hypothesis, there exists a natural num-
ber s, such that f%10,(#)=0 on Q— W for 1=k=q and f0,(F)<F on Q—W.

Let Y=V N W. Since 0,(F)=% on G—V and 6,(#)=0 on G—V for k21,
[510(F)=00n Q—Y for 1 £k=q and f0,(F)=F on Q—Y. Let s,=s5:(q+1).
By Proposition 2, for 0=k <q and for any open subset U of Q, f>H¥(U—V, F)<
Im (HY(U-Y, #)— HY(U-V, #)). Let 0: G—Y—> G be the inclusion map.
Then

(12) [520(F) < Im (0, (F) — 0(F)) for0 2k < q.

Since dim (Y—Z) £ r and codh F2¢+r+2 on G—(V U Z), by Proposition
1, there exists a nonnegative integer s3 such that

[r0o(F) = F on Q-Z;

(13)
foo(F)=0 onQ-Zforl Sk =<gq.

Let s=s5+s3. The proposition follows from (12) and (13). Q.E.D.

LEMMA 3. Suppose F is a coherent analytic sheaf on a complex analytic space
(X, ). Let Ay, be the k-dimensional component of Supp Oya#. If x € X and f is an
element of H#, not vanishing identically on any nonempty branéh-germ of Ay at x for
any k=0, then f is not a zero-divisor for Z,.

Proof. Suppose the contrary. Then we can find an open neighborhood U of
x in X, geI'(U, ), and he I'(U, #) such that g,.=f, h,#0, and gh=0. Let
Z=Supp h and k=dim, Z. Then k=0. By shrinking U, we can assume that
dimZ=k. heI(U, Oy#). Z<Supp Oy,s. Since dim Supp Oyys =k, any k-
dimensional branch-germ of Z at x is a k-dimensional branch-germ of Supp Oy,
g~ vanishes identically on a nonempty branch-germ of A4, at x, because gh=0.
Contradiction. Q.E.D.

LEMMA 4. Suppose F is a coherent analytic sheaf on a complex analytic space
(X, ). Then, for any k=0, the k-dimensional component of Supp O, equals the
k-dimensional component of S,(F).

Proof. Let A, be the k-dimensional component of Supp O,#. Let B, be the
k-dimensional component of S, ().
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Fix k20. By Satz I, p. 359 of [5], Oyy#=0 on X—S(#). Hence 4,< By. To
prove B,< A,, assume the contrary. Then B, ¢\, 4,. Take x € B,—|JF-, 4.
Choose an open neighborhood U of x in X—{J¥., 4, and fe I'(U, ) such that
(i) f vanishes identically on B, N U and (ii) for every /> k and every y € U, f, does
not vanish identically on any nonempty branch-germ of A4, at y. This is possible,
because dim 4,>dim B, for />k. By Lemma 3, f, is not a zero-divisor for %,
for y e U. We have codh &,=1. This is a contradiction if k=0. If k>0, then
dim S, _,(F[fF)|U)<k—1 [6, Satz 5, p. 81]). There exists

z€ B, N U=S,_,(FIfF)|U).
codh (F/f#),>k—1. codh #,>k, contradicting z€ B,. Q.E.D.

LEMMA 5. If Y is a nowhere dense (n— 1)-dimensional analytic subvariety of an
n-dimensional complex analytic space X, then there exists a point x of Y and an open
neighborhood U of x in X such that U— Y is Stein.

Proof. Clearly we can assume that X is reduced. Let X’ be the union of all
branches of X which have dimension<n and let Y’ be the union of all branches
of Y which have dimension<n—1. By replacing X by X—X'— Y’ and Y by
Y—X'—Y’, we can assume that both X and Y are of pure dimension. Let S be
the set of all singular points of X.

Case 1. Y& S. Let T be the set of all singular points of Y. By replacing X by
X—S—Tand Y by Y-S—T, we can assume that both X and Y are regular. Take
x € Y. There exists a Stein open neighborhood U of x in X such that UN Y is
the zero-set of a single holomorphic function on U. U— Y is Stein.

Case 2. Y<S. Take an (n—1)-dimensional branch Y, of Y. Since dim S
<n-—1, Y, is a branch of S. Let Y, be the union of all branches of Y other than
Y, and let S, be the union of all branches of S other than Y,. By replacing X by
X—-Y,—S, and Y by Y- Y,—S,, we can assume that Y=S. Let =: X — X be
the normalization of X. Let ¥==-1(Y). Let T be the set of all singular points of
¥ and let S be the set of all singular points of X. dim 7<n—2 and dim §<n—2.
Take x€ Y—n(T U §). Let #~1(x)={x,, . . ., x}. For 1 i<k, there exists a Stein
open neighborhood U, of x, in X such that (i) ¥ N U, is the zero-set of a single
holomorphic function on U, and (ii) U; N U;= @ for i#j. Choose a Stein open
neighborhood U of x in X such that =~ (U)<\J¥., U,. »~}(U)— ¥ is Stein. Since
U— Y is biholomorphic to =~ (U)— ¥, U~ Y is Stein. Q.E.D.

LEMMA 6. Suppose Y is a nowhere dense (n—1)-dimensional analytic subvariety
of an n-dimensional complex analytic space (X, #). Let o: X—Y — X be the
inclusion map. Suppose F is a coherent analytic sheaf on X such that Supp F = X.
Then for some X € Y, oo(F), is not finitely generated over ,.

Proof. By Lemma 5, we can choose a point x of Y and an open neighborhood
U of x in X such that U— Y is Stein. We are going to prove that o,(F), is not
finitely generated over #,. Suppose the contrary.
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Choose a sequence {x,}~, in U— Y whose limit is x. As a set, {x,}7-; is an
analytic subvariety of U— Y. Let £ be its analytic ideal-sheaf on U— Y.

(U-Y, F|SF) ~ kfﬁl (F|IF),,.

Since &, # @, by Krull-Azumaya Lemma [4, (4.1)], (¥#/FZF),,#0. Choose
s. e N(U-Y, F|FF) such that (s,),,=0 for I>k and (sy), #0.

Since U— Y is Stein, the quotient map ¢: N(U-Y, %) > T(U-Y, F/FF) is
surjective. For some u, € I'(U-Y, #), o(u)=s; u, induces an element v, in
Uo(-f;)x-

Let M, be the s£,-submodule of oo(#), generated by vy, ..., v,. Since oo(F),
is finitely generated over the Noetherian ring 5#,, M,,= M, ., for some k = 1. Hence,
for some neighborhood D of x in U, there exist fi, ..., f, € I'(D, ) such that
U1 =21 fpyon D—Y. 5,1 =2F, fis; on D—Y. (Sx+1)x,.,=0. Contradiction.
Q.E.D.

Proof of Theorem A. It is obvious that (i) = (ii). To prove (ii) = (iii) and
(iii) = (ii), we can assume w.l.0.g. that X is a Stein open subset of C* and O[V']#=0.

First we prove the following:

(14) for k =z 0, ¥V N Supp Oy,# is nowhere dense in Supp Oy,».

Suppose the contrary. Then, for some k=0, we can find an open subset U of X
such that UN V> U N Supp Oyyeg# 2. On U, Oyye < O[V]# =0, contradicting
UnSupp Opys# 2.

(a) (ii) = (iii). We prove by induction on g. For the case g=0, suppose dim V'
N 8. 1(F|X—V)2k for some k=0. Let 4 denote the (k+ 1)-dimensional com-
ponent of Sy, (| X— V) and B denote the union of all branches of S . ,(#|X—V)
which have dimension <k. Since Sy .1(¥|X—V)=A4 U Band dim V' N B~ <k, we
have A# & and dim VN 4~ =k.

Let Z=Supp Oy, ,11# and Y=V N Z. By Lemma 4, 4=the (k+ 1)-dimensional
component of Z— V. Hence dim Y= k. Since dim Z=<k+1 and by (14) Y is no-
where dense in Z, we have dim Y=k and dim Z=k+1.

Let £ =(0:0y +11#)». Then (Z, /) is a complex analytic space of dimension
k+1 and Oy, ,# can be considered naturally as a coherent analytic sheaf on
Z, #]5).

Let 0: Z— Y — Z be the inclusion map. By Lemma 6 there exists x € Y such that
0o(Op + 11#) 18 not finitely generated over (5#°/.F),. Since oo(Oy 4 117 )x = 0o(Opc + 11%)x
S 0y(F)y, 0o(F), is not finitely generated over 5,. Contradiction. The case g=0
is proved.

For the general case, assume g >0. Suppose (iii) does not hold. Let k be a non-
negative integer such that dim ¥ N S, ., (¥ |X— V) 2 k. By induction hypothesis,
dim ¥V N 8, 1(F|X—V)SI for every [20. Hence there exists xeVn
Sk+a+1(F|X—V) such that x ¢ S, (F|X-V).

Choose a Stein open neighborhood D of x in X and an irreducible (k+1)-
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dimensional analytic subvariety W of S;..,:1(#|X—V¥) N D such that (i) DN
Si+dF|X—V)=2 and (ii) dim ¥ N W=k. Choose a holomorphic function f
on D such that (i) f vanishes identically on W and (ii) f does not vanish identically
on any (/+q+ 1)-dimensional branch of S;,,,(#|X—V) N D for Izk. Since
g =1, the existence of such an f follows from dimension arguments.

By Lemmas 3 and 4, f, is not a zero-divisor for %, for ye D—V. On D, let
¢: F —F be the sheaf-homomorphism defined by multiplication by f. Then
Ker o< ¥V N D. Since O[V]# =0, Ker ¢=0.

The exact sequence 0 > F &> F — F[fF — 0 on D yields the exact sequence
0(F) — O(F|fF)— 0,,,(F) on D for 120. Hence 0(F[fF),, ..., 0, 1(F|fF),
are finitely generated over 5, for ye V' N D.

By induction hypothesis, dim ¥V N S, ((F[f#)|D— V)< for every /Z0. Since
fis identically zero on Wand W—V < S, ,..(F|D-V),

W-Vc< Sk+q((ylf‘g)|D_ V)
and
dim VN S, (FIfF)D-V)2dm VN (W-V)" =dimVn W=k
Contradiction. The general case is proved.

(b) (iii) = (i). We prove by induction on g. Choose a holomorphic function f on
X such that (i) f vanishes identically on ¥V and (ii) f does not vanish identically on
any branch of Supp O, for any k =2 0. The choice of such an f'is possible because
of (14).

Fix arbitrarily x € V. Choose a relatively compact open neighborhood Q of x
in X.

By Proposition 3, there exists a nonnegative integer s such that f*6,(%#)=0 on
O for 12k=q and f*0,(F)=F on Q. Let p: F — F and ¢: 0,(F) — 0,(F) be
defined by multiplication by f°. By Lemma 3, ¢ and ¢ are injective.

Since f*0,(F)<=F on Q, $(0(F))=F.On Q, $(0,(F))=¢(F)[V]# is coherent.
Since ¢ is injective, 6,(F) is coherent on Q. Since x is arbitrary, the case ¢=0 is
proved.

For the general case, assume ¢>0. Si. ((FI/F)NX—-V)CSy 0+ 1(F|X-V).
Hence dim V' N S, ((F/fF)| X — V) <k for every k20. By induction hypothesis,
0,(%#) and 0,(F [fF) are coherent on X for 0k <g—1.

The exact sequence 0 —> % 2 F — F/fF — 0 yields the exact sequence
0y i(F) = 0, (FIfF) — 0(F) L> 0(F). Since f0,(F) = 0on Q, =0 on Q.
On Q, 6,(F)=Coker (0,_,(F) — 0,_,(F[fF)) is coherent. Since x is arbitrary,
the induction process is complete. Q.E.D.

The complex algebraic analog of Theorem A is the following:

THEOREM A’. Suppose V is an algebraic subvariety of a complex algebraic space
(X, 0), q is a nonnegative integer, and F is a coherent algebraic sheaf on X. Let
0: X—V — X be the inclusion map. Then the following three statements are
equivalent:



358 YUM-TONG SIU [April

(i) 0(F|X=V),..., 0(F|X—V) (or equivalently H(F),.... 3 (F)) are
coherent on X.
(ii) For every xe V, 0o(F|X—V),, ..., 0(F|X—V), (or equivalently 56(F).,,
..., HFYYF),) are finitely generated over 0,.
(iii) dim V' N\ 8, . 1(F|X—=V) <k for every k0.

The proof of Theorem A’ is trivially analogous to the proof of Theorem A.
There is no need to repeat the argument. However, since the algebraic analog of
Scheja’s theorem (Korollar zu Satz 3, p. 351, [5]) on extending cohomology classes
which is vital in the proof of Theorem A cannot be proved in the same way as the
analytic case, we present what we need for the algebraic case in the following
proposition.

PROPOSITION 4. Suppose V is an algebraic subvariety of dimension r in C" and O
is the algebraic structure-sheaf of C". Let §: C*—V — C™ be the inclusion map.
Then 0,(0)=0 for | Sk=n—2—r and 0,(0)=0 if r<n-—2.

Proposition 4 can be obtained from some general theorems in the works of
Grothendieck ([2], [3]). However, for the sake of completeness, we present a
direct proof here.

In Lemmas 7 and 8 and the proof of Proposition 4 below, Q denotes C" and @
denotes the algebraic structure-sheaf of C". R denotes I'(Q, 0). If Q € R, then Qg
denotes the complement of the zero-set of Q in Q.

LEMMA 7. Suppose V is an algebraic subvariety of Q, Q € R, and F is a coherent
algebraic sheaf on Q. Suppose p is a nonnegative integer and f € R vanishes identic-
ally on V. If s € H}(Qq, F), then there exists a nonnegative integer m (depending
on ), such that f"s=0.

Proof. We are going to prove by induction on p. Let V be the set of all common
zeros of Qy,..., QL€ R.

(a) The case p=0. HP(Q,, &) is the subset of all elements of I'(Qg, #) having
supports in V. Since s=0 on Qg —Q;, by Proposition 6, p. 235 of [7], there exists
a nonnegative integer m such that f™s=0 on Q.

(b) Thecase p=1,T(Qq, F) 2> T(Qo—V, F) L5 H}(Qq, F)— H (Qq, F)=0is
exact. s=B(s*) for some s* e ['(Qyo—V, #). Since Q,—V<=Q;, by Lemma 1,
p. 247 of [7], there exists a nonnegative integer r and § e I'(Qq, #) such that
§=f"s* on Qy N Q. Since §—f"s*=0 on Qg N Qy N Q,, by Proposition 6, p. 235
of [7], there exists a nonnegative integer g; such that f%(5—f"s*)=0 on Qg N Q,.
Let g=max (q,, . .., qi)- Then f4=f*""s* on Qu—V, f4*7s* € Im «, and f*4+7s=0.

(c) For the general case, assume p> 1. Then HP(Qq, F)x H? }(Qy—V, F). We
identify the two. Let U;=Qq N Q, and U={U;}f_,. U covers Q,— V. s is repre-
sented by an element of Z?~(1, #) given by s;,...;,,_, e "(U;, n--- N U, _, F),
1<iy,...,i,-1 k. By Lemma 1, p. 247 of [7], there exist a nonnegative integer r
and t;...;,_, € I'(Qq, &) such that (Qy,--- Qi,_)siy.q,_, =1 LonU ,nN.-.

ig *rip
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N U, _,. By Hilbert Nullstellensatz, there exist a nonnegative integer m and
81> --» 8 € R such that fr=3%_, g,0;. Define u;,...;, ,e (U, n---N U, _,, F)
by g1, ;=281 8itiig 1y o(Qio -+ Qi) ™" {thyy-.s,_,} defines an element u of

Cp_z(u, .7"), On Uio N:--N Uip—l’

p-1
(Su)io...«[p_l = (—l)"uio...,v...,p_l
v=0
p-1 k
= Z =1y Z ittty ip_1(Dio " - Qt,. Q)T
v=0
p-1

_l)v z g, isno"’fv""p—l
1

g2.0; Z (=1)siig gy evtpy

v=0

i

Hence f™.=0. Q.E.D.

LemMA 8. Suppose fi, ..., f. € R and f, is not a zero-divisor for R/>1Z} Rf, for

1<i<k, where >%_, Rf,=0. Suppose I is an ideal in R and dim I<n—k. Then
there exists f e I such that f is not a zero-divisor for R/Y¥*_, Rf,.

II
[\/]?r n[\/]a- f.

g Q;‘sio"'iy-l =fmsi0""p—l'

1

Proof. If R=3¥_, Rf,, then there is nothing to prove. Assume R#>%_; Rf,.
Since f; is not a zero-divisor for R/>}} Rf, for 1 i<k, the height of any isolated
prime ideal of >}_, Rf, is greater than the height of some isolated prime ideal of

v=1 Rf, for 1 i<k [22, Corollary 3, p. 214, Vol. I]. By Theorem 30, p. 240, Vol.
I of [22], the height of every isolated prime ideal of >%_; Rf, is equal to k. By
Theorem 20, p. 193, Vol. II of [22], dim J¥_, Rf,=n—k, because R is simply the
polynomial ring of n algebraically independent variables over C. Let {P,},c4 be
the set of all associated prime ideals of >¥_; Rf,. By Theorem 26, p. 203, Vol. II
of [22], dim P,=n—k for all «. Hence I¢ P, for a € A. IdUzes P [22, p. 215,
Vol. I]. Any element f of I—|J,e4 P, satisfies the requirement [22, Corollary 3,
p. 214, Vol. I] Q.E.D.

Proof of Proposition 4. First we prove the following:

Iffi,....fx, f€ R and f'is not a zero-divisor
(15)  for R/>%_; Rf,, then the sheaf-homomorphism ¢: ¥ — ¢ defined
by multiplication by fis injective, where ¥=0/>%_, 0f,.

To prove (15), take arbitrarily Q € R. Suppose s € I['(Qq, %) and ¢(s)=0. By
Lemma 1, p. 247 of [7], there exist a nonnegative integer r and s’ € R(Q, ) such
that s'= Q"s on Qq. (s)=0 on Q,. By Proposition 6, p. 235 of [7], there exists a
nonnegative integer m such that ¢(Q™s")= Q™e(s")=0 on Q. Since H(Q, S*_, 0f,)
=0 [7, Corollary 1, p. 239], Q"s’ is the image of some s* € R under the quotient
map 0 — 9. Let a:0°— 3%, Of, be defined by «(0,...,0,1,0,...,0)=f,
where 1 is in the vth place. Since H(Q, Ker «)=0, fs*=3%_, g,f, for some
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g1,..., 8 € R. Since f is not a zero-divisor for R/>%_, Rf,, s*=>%_, h,f, for
some hy, ..., h, € R. Q™s'=0on Q, and s=0 on Q. (15) is proved.

Fix arbitrarily Q € R. Let I be the ideal of R associated to V. For 0Sk=<n-—r,
consider

If f1,...,fi € I and f; is not a zero-divisor for R/>%2} Rf, for
(16); 1 £i £k (where 39_, Rf, = 0), then H§(Qy, 0,) = 0 for
0=<p<n—k—r,where 0, = 0/5%_, Of, and O, = 0.

We are going to prove (16), by descending induction on k. (16),_, is vacuous. To
prove the general case, assume 0 <k <n—r. Suppose there exists a nonzero element
s in HE(Qq, 0,) for some 0<p<n—k—r. Since dim V=r, dim I=r<n—k. By
Lemma 8, there exists e I such that f is not a zero-divisor for R/>¥_; Rf,. By
Lemma 7, there exists a nonnegative integer m such that f™s=0. Let f.,=f™.
By (15) 0 - 0, 2> 0, — 0,.,, — 0 is exact, where ¢ is defined by multiplication
by fi+1 and @k+1=@/zlwf:} of,.

@
HP Y (Qq, Oy 1) —> HP(Qq, 0,) —> HE(Qyq, O)

is exact, where Hy }(Qq, 0;,1)=0. By (16),+1, H} "(Qq, 0).1)=0. Hence § is
injective. f™s=@(s)#0. Contradiction. (16), is true for 0Sk=n—r.

The proposition follows from (16),. Q.E.D.

In (), (B), (v) and (8) below, we suppose the following: Bis a ring. A4 is a subring
of B. B is A-flat as an 4A-module (Definition 3, p. 34, [8]). M is an A-module. N
and N’ are A-submodules of M. Canonically isomorphic modules are identified.

(«) N®, B can be regarded canonically as a B-submodule of M ®, B and
(M/N) @4 B=(M @, B)/(N Q4 B).

() follows from tensoring the exact sequence 0 - N — M — M/N — 0 with
B over A.

(B (NNN)Q4B=(N®4sB)N(N' Q4 B).

Let o: M — M/N and ¢’': M — M/N’ be the quotient maps and define ¢: M —
(M/N) ® (M/N") by o(f)=¢(f) ® ¢'(f). By tensoring the exact sequence 0 — N
NN — M2, (M/N)®D (M/N') with B over A, we obtain the exact sequence
0>(NNN)®,B—>MQ®,B—[(M/N)®D (M/N)]®4B. By (), [(M/N)D
(M|N)] ®4 B=[(M ®4 B)/(N®4B)]® [(M ®4B)/(N'®4B)]. On the other
hand, the kernel of M ® 4 B— [(M ®4 B)/(N @, B)]® (M ®4 B)/(N" ®4 B)] is
(N ®4B) N (N' ®,4 B). (B) follows.

@) [(N:f)u]l ®a B=[(N Q4 B):fIue,5-

Consider the exact sequence 0— (N:f),, — M 2> M/N,where ¢ is the composite
of the quotient map M — M/N and the map M — M defined by multiplication by
f. Tensoring it with B over A4 yields the exact sequence 0 — [(N:f)y] ®4 B —
M®,B—>(M|N)®, B. By (a),(M/N) ® 4, B=(M ®, B)/(N ®, B).On the other
hand, the kernel of M ®,B— (M ®, B)/(N®4B) is (I[N ®4Bl:f)us,s ()
follows.
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(8) If I'is a finitely generated ideal in A4, then
[(N:Dy] ®4B = ([NQ4 Bl:[I 4 BDue,s-
Suppose I=3i_; Afi. (N:Dy=\=1(N:f)u and ([N ®,4 B]:[l @4 BDua,s
=¥-1 ([N @4 Bl:f)us,s- (8) follows from (B) and ().
PROPOSITION 5. Suppose A is a Noetherian subring of a Noetherian ring B and
B is A-flat as an A-module. Suppose I is an ideal in A and N is an A-submodule of a
finitely generated A-module M. Then
LL=J1 (N: pc)M] Q4B = kL=J1 (IN ®4 Bl:[I ®4 Bl )ue,s-
Proof. (N:I)y,<(N:I?)y<-.--<(N:I*)y<--- and
(IN®4BL:[I ®4BDue,e < (I[N Q4B Q4 BP)ug,s < -
C(INQ4BLI®4 B )ue, <+
are both eventually stationary, because M is finitely generated over the Noetherian
ring A and M ®, B is finitely generated over the Noetherian ring B. For some
l; 1, Ul?:o=1 (N:Ik)M=(N:Il)M and

Ql (IN®4B):[I ®4B)me,5 = (N R4 B1:[I @4 BPus, s

The lemma follows from (8). Q.E.D.

In (&), ({) and (n) below, we assume the following: (4, B) is a flat couple of local
rings [8, Definition 4, p. 36]. M is an A-module. M =M ®, B. Since the natural
map M — M is injective [8, Proposition 22, p. 36], M is identified canonically as
a subset of M.

(¢) If fe A is not a zero-divisor for M, then fis not a zero-divisor for M.

Since the homomorphism M — M defined by multiplication by fis injective and
B is A-flat, the homomorphism A — M defined by multiplication by f is injective.
(¢) follows.

(0) If I'is an ideal in A, then (IM) N M=IM.

() is the consequence of (M/IM) ® , B= M/IM and the injectivity of the canoni-
cal homomorphism M/IM — (M/IM) ® , B [8, Proposition 22, p. 36].

(n) If fi,...,f are in the intersection of the maximal ideal of 4 and B and
fi»- .., fx form an M-sequence [4, p. 94], then f;, . . ., f, form an M-sequence.

For 15i<k, f; is not a zero-divisor for M/>ZY f,M. By (¢), f; is not a zero-
divisor for (M/3i2% f,M) @ 4 B=M/3i-} f,M for 1 i<k. (n) follows.

PROPOSITION 6. Suppose (A, m) and (B, n) are local rings such that (4, B) is a
flat couple and mB=n. If M is a finitely generated A-module and M=M ® , B,
then codh, M =codh, M.

Proof. Let codhy M=k. Let fi,..., f;, be an M-sequence. (In the case k=0,
Jf1s - - ., fi 1s just the empty sequence and the argument that follows applies also to
this case.) By (), f1, . . ., f is an M-sequence. We need only prove that f;, .. ., fi
is a maximal #M-sequence.
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Since f3, . . ., fi is a maximal M-sequence, every element of m is a zero-divisor
for M/3¥%_, f,M. m is an associated prime ideal of the 4A-submodule >¥_, f,M of
the A-module M. There exist g € M and a natural number r such that g ¢ >*_, f,M
and m'g<>*_, f,M. By (0), g ¢ >*_, f,M. Since n=mB, w'gc=>¥_, f,M. Hence
n is an associated prime ideal of the B-submodule 3*_; f,M of the B-module /.
Every element of n is a zero-divisor for M/3%_, f,M. f,,...,f. is a maximal
M-sequence. Q.E.D.

PROPOSITION 7. Suppose X is a complex algebraic space, V is an algebraic sub-
variety of X, and & is a coherent algebraic sheaf on X. Then the canonical homo-
morphism HY(F Y — HX(F™) is an isomorphism.

Proof. It is clear from the definitions that J#4(F)=0[V]s and HH(FF)
=0[V]gn.

Let @ be the algebraic structure-sheaf of X and s be the associated analytic
structure-sheaf. Let £ be the algebraic ideal-sheaf of V. Then " is the analytic
ideal-sheaf of ¥ [8, Proposition 4, p. 10]. By [10, Theorem 1, p. 376], O[V]g»
=UJr-, (0:(F**)#». Analogously it can be proved that O[V]s=g-, (0:5%)s.

For every x € X, (0,, 5%,) is a flat couple [8, Corollary 1, p. 11]. The proposition
follows from Proposition 5. Q.E.D.

Proof of Theorem B. Let O be the algebraic structure-sheaf of X and let 5# be
the associated analytic structure-sheaf. Since (0,, 5£,) is a flat couple for every
x€ X, S(F|X—-V)=S(F" X-V) for every k=0 by Proposition 6. Hence the
equivalence of the coherence of F#UF),..., K (F) and the coherence of
HFM), . .., KT Y(F") follows from Theorems A and A’.

Suppose we have the coherence of either S£5(F), . . ., H#43TUF) or HBH(FH), . . .,
HF Y (F™) (and hence the coherence of all). We are going to prove the bijectivity
of HHF ) — #F(F™) for 05k =g+1 by induction on k. The case k=0 follows
from Proposition 7. For the general case fix 0<k <g+1.

Let X =0[V]s and 0: X—V — X be the inclusion map. Since Supp £ <V,
6,(4")=0 for 120. Hence H}(H')~ Coker (A" — 0o(#))=0 and H} (A )= 6,_,(X)
=0 for />1. The exact sequence HH(H) —> HNF) —> HNF|H) — A (X))
implies that S5 F)xHH(F /) for 12 1. Likewise we have HHF M)z H((F A )
for Iz 1. Hence, by replacing # by &/, we can assume that O[V]#=0.

We can assume that X is an algebraic subspace of some C”. Choose f€ I'(X, 0)
such that (i) f vanishes identically on ¥ and (ii) for any /=0, f does not vanish
identically on any branch of Supp O, not contained in V. Let ¢: # — % be
defined by multiplication by f. Ker =0 on X — ¥ (algebraic analog of Lemma 3).
Since O[V]#=0, Ker ¢=0 on X.

Let Q be an arbitrary relatively compact open subset of X. Since S#¥(#) and
HF(F™) are coherent and f vanishes identically on their supports, there exists a
natural number m such that fm3£5(#)=0 on X and f"s£5(#"*)=0 on Q.
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Let =@ o .- -0 @ (m times). Let ¥=Coker 4. Then
S,+q(g|X— V) < St+q+1('7|X_ V)-
Hence H#7(9), . . ., #4(9) and (D7), . . ., #/(9") are coherent by Theorems A
and A'.
The exact sequence 0 > F Y5 F — & — 0 yields the following commutative
diagram with exact rows:

HEAFP —> NG —> A5 TP s Ay

(A
HEHF ) —> HF G —> HHF™) -ﬂ HHF?).
Im$,=0 on X and Im ;=0 on Q. By induction hypothesis, o« and 8 are iso-
morphisms. Hence y is isomorphic on Q. The induction process is complete,
because Q is arbitrary. Q.E.D.

Finally, we give an interesting relation between the Ext functor and direct
images in a very special case (Proposition 8 below).

LeEMMA 9. Suppose R is a ring, F is an R-module, and

RPas1 Pq RPa Pa-r P R¥: Po RPo € F 0
is an exact sequence. Suppose
3 * * % %k
0 P-1 RPo Po R¥: P10 Pa-1 RP Pq RPart
is obtained by applying the functor Hom (-, R) to
RPas1 Pq RP« Pq-1 L R~ Po R®o 0.

Then Extg (F, R)~Ker ¢¥/Im ¢¥_, for 0<k<q.

Proof. Fix 0sk=q. We are going to prove Ext} (F, R)~Ker ¢¥/Im ¢f_, by
induction on k. The case k=0 follows from the left-exactness of the functor
Hom; (-, R).

Let G=Im @,. The following commutative diagram has exact rows and exact

columns:
0

T

0—>G—> RPo—s F—>0

[ e

RP1 = RP:

to

RPa,
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By applying the functor Homy, (-, R), we obtain the following commutative dia-
gram with exact rows and exact columns:
0

0 = Ext} (RPo, R) <— Ext} (F, R) <— Hom;, (G, R) <— Rro

l¢§

Rp 1 = Rp 1

RPa,

We see readily that Ext} (F, R)~ Ker ¢¥/Im ¢§. The case k=1 is proved.

For the general case, assume k> 1. The exact sequence 0 - G — RPo —> F— 0
yields the exact sequence 0=Extk~! (Rf, R) - Extt~! (G, R) - Extk (F, R) —
Ext (RPo, R)=0. By induction hypothesis, Ext~* (G, R)~ Ker ¢¥/Im ¢¥_,. Hence
the general case follows. Q.E.D.

PROPOSITION 8. Suppose G is an open subset of C*, V is an analytic subvariety of
dimension r in G, and 0: G—V — G is the inclusion map. Suppose & is a coherent
analytic sheaf on G such that & is locally free on G—V. Then 6, (F|G—V)
~Extt, (Homy (#, #)) for 0Sk<n—r—2, where # is the analytic structure-
sheaf of C". '

Proof. Fix 0<k<n—r—2. We are going to prove that 6(F|G-V)=x
Extt, (Hom(F, #)). Let ¥=Homy (¥, ) and ¥*=Homy (¢, 5£). Since the
problem is local in nature, we can assume that we have the following exact sequence
on G:

Prn-r-1

HPrr ———> HPn-r-1

Pn—_r-2
—_ ...

P1 7 Po #% & g 0.

By applying the functor Homy (-, 5£), we obtain

* *
g* #7 Po 7 P1

17

Pi_r-2 PF -r-1
—_— s Pr-r-l ——» %pﬂ".

Since & is locally free on G—V, (17) is exact on G—V and F x%* on G—V.
The following commutative diagram with exact rows

0 —> 0o(F*|G— V) —> 0(%|G— V) —> 0(#71|G— V)

|,

pro¢—o>.9f"1
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implies that 6,(%|G— V)~ Ker ¢f. Hence the case k=0 follows from Lemma 9.

For the general case, assume 0<k=<n—r—2. The exact sequence 0 — Ker ¢¥
—> #?—> Ker ¢¥,; — 0 on G— V yields the exact sequence 0=0,_,_,(3¢"|G— V)
—> 0, (Ker ¢¥,1|G—V) > 0,_(Ker ¢¥|G—V) — 0, _ (#?|G—-V)=0for0=v
<k-—2.Hence 0(F|G—V)z 0(9*|G—V)=x 0, (Ker p§|G— V)= b,._,(Ker ¢¥|G—V)
X -x0,(Kergf_,|G-V).

Since the following commutative diagram has exact rows and exact columns on
G-V

0

0—— Kergf_;, —> H#P-1—> Ker pf —— 0

|

HPk-1 H Pk HPr+1

00— > Kergf,; —> HP+1

the first and third rows and the columns of the following commutative diagram are

exact
0

Bo(HPe-1|G — V) ——> Bo(Ker g|G— V) —> 6;(Ker g¥_;|G— V)
— BI(W’k—xIG— V)=0

Bo(H7e-1|G— V) L, (AP G — V) —5 > By(HPer 1|G— V)

0 ——> 0y(Ker ¥, 1|G—V) ——> 0,(#Pc+1|G—V).
Hence 0,(Ker ¢f|G— V)~ Ker ¢, Im axIm ¢, _,, and
0:(Ker p¥_,|G— V) = 0y(Ker ¢¥|G— V)/Im c.
Since 0,(#7|G—V)xH#? for v=k—1, k, k+1, we have ¢,=¢} for v=k—1, k.
Therefore 0,(F|G— V)= 6,(Ker ff_1|G— V)= Ker ¢,/Im ¢, ., =Ker ¢if/Im p¥_;.
By Lemma 9, Ker ¢¥/Im ¢f_, X Exty, (¢, ) =ExtY, (Homy (#, ), ). Q.E.D.
After the submission of this paper, I learned that G. Trautmann simultaneously

and independently had also obtained the equivalence of (i) and (iii) of Theorem A
in Invent. Math. 8 (1969), 143-174.
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